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Ahbstract

It is common for students in their mathemetical studies to encounter problems that have
unique answers that are uniqualy determined. Due to these experiences, students often
come to hald the belief that there is cnly one correct answer to every problem and only
ong correct way to answer it

In the Japanese open approach to teaching, mathematical problems are selected thet
exemnplify & diversity of approaches to solving a problem (the process is open) or thet
have multiple correct answers (the end products are open}. There is alse einphasis cn
having students formulate pew probiems (the ways of fermulating problems are open).
The teacher can give students experiences in learning something new by comhbining
their previous knowladge, skills, end mathematizal ways of thinking.

In this article, [ first give examples of the fypes of problems used in this approach, Then
| discuss the assessment, that is, assessing problems, essessing students™ work and
assessing lessan plans. Finally, the eelations between open teaching methods and three
curticulurms will be discussed.
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Three “Open” Methods for Teaching
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It 12 common for studsnts in thelr mathemadca!l studies to encounter
problems that have unique Amswars that are uniguely determined, Due to these
experences, students often came to hold the belief that there is only cne correct
answar ta every prolilem and only one correct way ho answer it.

In the Japanese cpen approach to teaching, mathematical prodlems are
selected char exemplify a diversisy of approaches o solving 2 problem (the procesa
12 open) or that have multiple correct answers (the end products are open). Thers is
also emphasis on having students formulate new prohlems (the wave of
tormulating  problems are open). The teacher can give students experiences in
learning scmething new by cembming thelr previsus knowledge, alills, ard
mathematical ways of thinlang.

In this article, [ firac give examples of the types of prablems used in this
approach. Then 1 discuss assessment, that is, assessing problems, assessing
stucents’ works and assezzing lesson plans. Finally, the relations between oper
teaching methods and three curriculums will be discussed.

I Examples of Open Problems

Three aspects of the approach are presented below: open process, open
problem formulation and cpen end product,

1. Open Process

To create interest and stimulste creative mathematical activigy i the
classroom. the Japanese developed 2 tradition in teaching to focus on the differen:
ways al  zolving & probiem when the answer is unique —— in this case we say
the problem solving process 1s open. At all grade levels, it is possible to have
students put their cwn natural machematical waye of thinking to use in
approaching a proolem. In doing so, students will exhibic a varety of approaches,
ard these can ke shared and discuszed in clase. Some examales of these problems
are given next, aloag with anocipated or actual responses of srudents.
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Example 1  Chocolates Problem

Haw many cheeelates are there tn the box?
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For eacn problem abowve, several approackes to Gnding the answer are gven.
The different students’ responses can be compared ard dizoussed in terms of their
mathematical fealires and their qualitative differences.

2. Open Problem Fermulation

The ways in which problems can be formulzted are also aper. Students are
taught to formulate or pose new mathematical problems from a given problem by
naing generdinzation, analogy, the idea of converse, or other ideas, and chen aclve
the newly formulatad problems by themsebvas, When first encouncered, problem
formulation or pesing new problems is novel to almeet all students. Balow T give
two examples of original ghven problems and several posaible or actual problems
that students may formulate hazed on each of them.

Example 3 Butterfly Problem

Given Problere:  There are four burrerflies. If three more butcerflies arrive, how
many are there?

a. Children change the number of hutterflies.

b. Children change the obiects. In Japanese, the counting system often
difforz betwaen abjects beang counted, aay, butterflies or cara.

c. When the problem invalves “increasing” situation, children change the
problam to an “altogether” situation,

d. Children change the addition problem to a subcraction problem,
{ Ex) There are seven butterflics, If four butterflies flaw away, how many

are there remaining?

Example 4 Toothpick Problem

Given Problem: Toothpacks are placed to make squares as in the figure below.
When the number of 2quares iz five, how manvy toothpicks are uesed?

Ta formuwdare pronlems,
a, Change the number of spuares.
L. Changs the number of rows of squarss,
¢. Change the fipure (e.g.. from an sguars @ triangies, pentagons, eoe.,
d.  Wnte the converse problem,
0



e, Change from two to chree dimensions.
{. Acombination of the abeve changes.

3. Open End Produce

Traditionally, problems are go well formulated that answers are either correct
or incorrect (ncluding inenmplete ones). Wo regard such problems ns “closed” or
“eomplece” probiema. [n contrase, problemsa that are foemulated e have multiple
correct answers are “incomplets “open end,” or “"opencended” (Shimada, 1877
Backer and Shimada 1947, Such problems involve students finding one, sevaral,
ar many correct answers to one problem, and they may uee various methods to
find those answars.

Wa can think about three types of problems with open end product: finding
rules or relacons, classifiing, and measuring, Some examples follow.

(1) Finding Rules or Relationa

Example 5  Properties of the Multiplication Table

The number table shown below was produced in accordance with a certamn
rule. Find as many relationships as possible among the numbers in the table by
studying the arrangement of numbers.
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a. The number which results from multiplying & number from the top row and a

number from the leftmaost column can be found ar the intersection of the mw
and the column.

The numbers in a column increass by the same number.
¢, Symmecry at the axis of the diagonal {from upper laft to lower righel,

d. There exst square numbers on the diagonal line {from upper left to lower
right), :

@, The sum of the numbers in the frst column 18 55° the sum of the numbers tn
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the second eelumn is 120, two tmes the #um of the number in tha frst, ete.
The zum of the aumbers before and after a certain number in a row  feolummn
15 equal to two times the number.
g.  Any four numbers making s sguare have the relationship thas the products
will be the zame when they ane crogs-mulripiied,
The sum of the total number of the second fxrh) eplumn and chat of the third
{vth! column equals to the total number of the Afth x=v th) column.
Fight mimes the center number equals the sum of the numbers surrounding
the center in a thres by thres saction of numbers,
Asg mentioned, the purpese of this problem is ta have students find as many

rules as pessible frum several pointa of view, The rules may range from lower to
higher lavela,

(2) Classifying .

Example 8 Classifying Problem (Plane)
Thers ars eight plans gares as fallowse.
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Classify using common properties among eight piane figures,
- straight edges a d & & h
« gircular edges
» simple closad Lgures
« rriangles
+ guadrilaterals
* lines of symmetsy
- point of symmerry
+ regular polvgon
*  concave polygon
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(3) Measuring

Fxample 7  Marble Problem

hree students, A, B, O throw five maroles that come to rest as in the Sgurs
below. It this game, the student with the smailest scattering of marhles is the
wiqret To determine the winner, we will need to have some numerical ways of
measing the zeattering of the marbiles.

(s} Think sheut rhis situarticr from various peints of view and write down
different ways of indicating the degree of scattering.
k) Which way appeals to you?

Measuye the area of the polyeonal figures formed by joining the points.
Meazure the perimeter of the pelygonal Ggures formed by joining the points,
Menzure the length of the lemgest sepment connecting two points.

+  Addthe lengths of all segments connecting twa points,

- Add the lengrhs of the sepments connecting one fued point wich all ather
POENLS,

+  Mesgure the radius of the smallest circle that includes all points.,
Caloulate the standard or averase deviation wsing a coordinate Sysrem,

M Assessment

An open approach encourages many students’ productions in the class for
ordinary students as well as bright or highly mofivated stucents, Assessment
ideas are also numerous aad flexible, Assessing problems, assessing students’
works and assessing lesson plans are discussed,

1. Assessing Problems

Ir ganeral, probloms, like those abave, are sssessed from the foliewing
parsnective before developing a lesion plan!

{a) Is the problem rich in mathematizal concent?

{1 1= che Jeve! of mathematics appropriate for the students?
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ic) Are there festures that lead te farther mathemancal development and
provide opporturnities to offer onginal and insightful chservations?

2. Assessing Students' Works

(1) Assessing Proolem Formulations

As formuiatng problems may at Grst be diffieult for students to learn,
assessng siudents’ problem formulanens can be challenpng for teachaors eo learn.
Bofore teaching o lesson, teachers often prepare a list of problems chat students
might formulate, This list i part of the analysis of the problem and helps to
organize a discussdom of the formulated problems. The student work can be
evaluated by considering the following three factors: the number of problems
formulated. how the students formulared their probiems, and the types of
mathematical concepts embedded in the new probioms.

For example, students may farmulate new problems by changing a number,
changing an chject, changing an object and a number, making an analogy, using
the comverse of the given problem, combimng severa! problems Differen: ypes of
problem Hrmulation demanstrate different types of thinking.

(2) - Aseessing Solutions

Teachers can collect assessment data by examinng students’ worksheeta that
are collected at the end of a lessen, by purposeful seanmung of students’ work whale
they work on the problem, and by observation during students” discussion of their
production. These observations can be recorded. Thus, during the lesson, the main
means of assesgment is by teacher observation. After the lesson, the teacher can
axamine students’ worksheat. The approach 12 a formative one during and after
the lesaon, hut when the results of the assessment are accumulated ovor times, they
become information for a summative assessment of students.

An assessment scheme that has been used by us has the following four
feacures.

a fluency b flexhility < originabty  d, elegance

3. Assessing Lesson Plans

Before discussing the assessment of lesson pians, I would like to say a few
wonds about lesson plan development.
Lesscn plans according o the following scheme were organizad:
a. [mtrodusing che problam ar tapic
The teacher presents or poses o problem (pertaining to an objective) on the
ovierhoad prajector, chalkboard, or using a poater.
b. Understanding the Problem
The teacher ensures through discussion and soboting questions that
74



studenta krow what is expected of them before they begin work,

¢, Pmblem Solving hy che Students
Students are given a worksheet with the problem written cr it and space to
write their work, They work individually or in small groups. Students
ratural ways of thinking are encouraged, thereby "drawing cut” a vanety of
reaponses, The teacher moves among the students purposefully seanning
their work and selecting thinking appreaches ar angwers concerning to the
ohjective chat will be diacussed wich the whole class,

d Comparing and Discussing
Individual studenta lor groups! write their approaches or answers on the
hlackboard (or overhead projector) for all students to zee. The teacher then
guides a discussion of the responses, comparing ther mathematical features
and quality.

g, Summary of the Lesson .
The teacker plays an impartant, crucial rols in pulling together the sutcames
of discusaion and lesson as they relate to the objective,

In developing a lesson plan, then, the following pointa need o be addresaad:

+ Students’ expected responses are Usted and grouped according o their
mathematical features,

- The purpese of the problem is made clear.

- Students are givan the help needed ta understand the problem as well as what
15 expectad of thern,

+ Btudents are given ome to fully explore and discuss the problem.

+ Brudents record their regponees on a workshaeet or in their notebooks.

- Certain students write their work on the chalkboard for all to see,

Students work 18 compared and disoussed.

* The teacher summarizes what has beer: learned in the lesson,

With the open approach, a teacher may not anticipate all that will happen in

the classroom.

Besides the lesson-plan acheme discussed above, other related schemes have

been developed. For example, the following lesson plan outline shows a
devalopmental treatment of problems (also called "problem to problem”) where,
inatend -of a single problem, a sequence of problems is empleyed to meer an

ective.

Solve the given problem.

+ Compare ard discuss the methods of and the solutionis! to, the problem.

+ Formulate new problems by changing parts (conditions) of the given problem,
+ Propoze new problems to the whale elags,

Dizcusa the new problems and olassfe them.

«  Bolve problems aelected by the students and teacher,

o
i
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« Folve probleme Srmulated by the scudents,
When we think about assessimen:, above viewpomnss must he considered.

Asumple problem 12 g below (Hashimote and Becker, 1584, p. 113},
Parks Problem

There are three parks, A, B, and C, in which many bovs and girls ame
plaving The areas of the parks A, B, C are , respectively, 300 mi, 500 ri,
and 300 7. The number of chaldren playing in chese parks is, respectively, 40,
a0, and 30.  Whach park 18 the most crowrded?

M Relation to Curriculum

The so-cailed chree carricwlumsz, that is, the intended, implemeated and
attained curriculums as defined by the International Matkemates and Scence
Study, are refated to “open methods” discussed in this paper.

Open problem Ermulation can be seen it Blementary and junior high schocl
textbooks and 1m National Assessments, given in 1934 and in 2002 for elementary
schocl mathematics and in 1985 for jumor high school mathomatics,

A beok (konicujita shidow nikansuru shidoushiryou in Japanese) on teaching
elamentary achool mathemearics was published 1n Novembaer 2002, Ten thousands
copies were sold immediately, Before it was published, the Ministry of Educarion,
Culrure, Speres, Science ard Technology distributad the book to all elementary
schools in Japan and all the beards of educacon. The rumber of scheols 1
approximately 25000. Some examples about throe open metheds are included in
this book. The balance among three curriculums i very iImportant

IV Conclusion

To foater students’ mathematical thinking, 12 is erucially important to allow
them to think frealy ——thar iz, to use their own mathematical ways ef thinking,
This is at the beart of the cpen spproach. Although Japarese machematics leszons
involve whaole-class instruction, it can be seer: that mathematics reechers indeed
address individual studerts’ actividez or needs. In particular, cpporfunities are
provided for studente with groat mathamancal potential o cxercise chewr creative
abilizies and share their insights with other students.

Even if a problem has only one sclution, there may be several wavs co find the
sclution, [ndeed, this 12 aften the starting point to devaleping students’ different
ways of thinleng, In addition lo using several ways {o solve a pmblem with 2
urigue answer. the cpen approsch emplove problems chat  have differeat correct
salutions and allows students to farmulate or pose problems of their ewn, Lesson
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planz are geared soward exploring these cpen problems, and the chservation of
atudent during lessons and analyses of seudents’ werksheets after the lesscns are
impertant vehiclea for carrving out the assessment of students’ learning.

[ thick the most important point iz how classroom teachers implament their
curricilum. In other wardz, much depends on the teacher's philoeophy of
machematics teaching. Some teachers emphasize the value of the dizcussion
between children and of childwen's 1daas. Such kind of classrcom teacher walks
around the desks and cares about what and hew children are thinking.
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1.

Content of the Paper

Iy |

1.4

1.5

When solving a problem, there are diversity of approaches (Lhe process is
open) and the end products are different with meltiple comrect answers,

Students are encouraged 1o pose new problems and are allowed o apply their
owil natural mathematical ways of thinking when approaching & problem.
Also, studeénts exhibit a vanety of approaches thal could be shared and

discussed in <lass,

Teachers should provide situatons for students to relate previous knowledge,
skilla, and mathematical ways of thinking te new knowledge,

Students’ works are eveluated using three factors: number of problems
formulated, how students formulated their problems, and the tvpe of
mathematical concepts embedded in the new problems,

Teachers should examine students” worksheeis, going through students’ wark,
and observe students’ during discussion time,

Discusslon

2.1

2.2

Aszoc. Professor Dr. Jomaiudin Md, Afi of Unlversiti Sains Malaysia,
enguired whether Malaysian studentz have background knowledge in
arithmetic (25 Malaysian students), whether Japanese students stress more on
tools or on concepts und whetier they write down and think aloud when
solving problema?

Angvaer

Japeness students acquired basic concepls in using positive and negative
aumbers, Emphasis is given both to tools and concepts. At the beginning,
students usually do not know there are many correct answers to o problem.
Studenis are then given the chance 1o freely express themselves in tackling the
problem given by writing them down and by thinking aloud through
presentations. The open- cnd:d approach is ﬁlh::dv introduced 1o 25,000
clementary schools.

Mer. Norjoharuddeen Mokd, Mor of SEAMEQ RECSAM Regiona!l Centve for
Education in Science and Mathemauics, Penung, Malaysio commented that
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the open-ended approach is not being used in Malavsia and enquired how we
cart get teachers to use this approach,

Anzwer
[= Japan, open-ended questions are only used in high school level entrance

exam and in some prefectures depending on interested individuals. Since
2002, teachers are given guidebooks on Open-ended Approach so that they
are able to use them in clagsrooms,

2.3 A Sanialiah Hashim of Raie Adetewar Teacker Traiming Coffage, Negeri Sembifan,

Malayvata commented that in Malzysia, the approsch is not fully supported. In vlew of
this. teachers should make the effort o includs this approach in theie mathematical

actvitias,





